Let us consider the pure quartic fields of the form K = Q( 4 √ p) where 0 < p ≡ 7 (mod 16) is a prime integer. We prove that the 2-class group of K has order 2. As a consequence of this, if the class number of K is 2, then the Hilbert class field of K is H K = K( √ 2). Finally, we find a criterion to decide if an ideal of the ring of integers or K is principal or non-principal.
Introduction
The main goal of this paper is to prove: Theorem 1. Let K = Q( 4 √ p) with 0 < p ≡ 7 (mod 16) a prime integer. Then, the class number h K ≡ 2 (mod 4). Equivalently, the 2-class group of K is isomorphic to Z/2Z.
The 2-class group of number fields has been widely studied, Gauss described the 2-rank of the class group of a quadratic number field using the language of binary quadratic forms. Since then, a lot of work has been done on this subject, 2010 Mathematics Subject Classification: 11R04, 11R16, 11R27, 11R29, 11R37.
if the reader is interested in this subject, we suggest the next bibliography: [1] , [2] , [6] , [7] , [8] , [9] , [10] , [11] , [12] , [13] , [14] , [15] , [16] , [18] , [19] , [20] , [21] , [22] , [24] , [25] , [26] , [27] .
An important result is the Ambiguous Class Number Formula that states that, if K/F is a cyclic extension, then Am(K/F) = h F e(p) (K : F)(E F :
where the product is over all primes (finite and infinite) and E F is the group of units of the ring of integers of F (see [17] Theorem 11.14). If K/F is a quadratic extension, Am(K/F) helps us to find the 2-rank of the ideal class group of K. In particular, in [10] , [11] the authors study families of number fields with given 2-class group. The purpose of this work is to show that the 2-class group of a family of pure quartic fields has order 2.
Let p and K be as in Theorem 1, F = Q( √ p) and H K the Hilbert class field of K. We will denote O F , h F , Cl F , Cl 2 and U F the ring of integers, class number, class group, 2-class group and group of units of an arbitrary number field F respectively and if F is a quadratic number field U F is the fundamental unit of F. Given an extension of number fields K/F, let N K/F (α) be the relative norm respect to K/F of α ∈ K, N K/Q (α) the absolute norm of α ∈ K, N F/Q (A) the absolute norm of A ∈ F. We will use the symbol A 1 , . . . , A n F to denote the ideal of O F generated by A 1 , . . . , A n ∈ O F and α 1 , . . . , α n K the ideal of O K generated by α 1 , . . . , α n ∈ O K . The symbol ord a (b) = c means that a c is the greatest power of a that divides b and a c ||b denotes that ord a (b) = c. We will denote N 0 = {0, 1, 2, . . .} the set of the natural numbers starting from 0.
To prove the Theorem 1 we will use the next facts about the Hilbert Class Field of K. We know that Cl K ∼ = C n1 × · · · × C n k where C n = Z/nZ and n i = p ei i for some rational prime p i . If the 2-rank of Cl K is r, then there is a group H ⊆ Cl K such that H ∼ = C r 2 and r is the maximum integer that satisfies this. Since Cl K is isomorphic to the Galois group of H K /K, then there is another group
So, r is the maximum integer such that there is a non-ramified Galois extension over K with Galois group isomorphic to C r 2 .
Previous results
In this section we will state some results found in [3] and [4] that we will use in the next sections. 
Proposition 3. Let 0 < p ≡ 3 (mod 4) be a rational prime number and K = Q( 4 √ p). The prime 2 ramifies completely in K.
Proof. See [3] , Proposition 11.
Proof. See [3] , Proposition 12.
We have that the ideal I K of the previous proposition is non principal, but
Proof. See [3] , Proposition 13. 
Proof. See Theorem 18, [3] .
Proof of Theorem 1
We will find the only non-ramified quadratic extension of K using Theorem 2. First we will see what happens when no ideal
which implies that any prime ideal that divides α L must appear an even number of times in the factorization of α.
As a consequence of the previous result, if α K is not a square, then L/K is a ramified extension. So, it remains to see what happens when α K = I 2 K for some ideal I K ⊆ O K . Remember that using Gauss Theorem on the 2-rank of the class group of a quadratic field ( [23] , Theorem 3.70), if F = Q( √ p) with a rational prime p, then h F is odd.
. From the previous equality,
we have:
In the next theorem, assertion 7 is the important one, 1-6 are stated to give a better understanding of the proof.
and α satisfies one of the conditions 1, 2 or 3 of Theorem 2. Then the next assertions hold: 
If assertion 3 holds,
Proof. Fitst observe that
If 1 or 2 of Theorem 2 holds, since a 1 , a 3 are odd and a 2 , a 4 are even, we have (a 
. Let us observe that f (α) = 0 and since α ∈ O K − O F , using Proposition 5 there is C ∈ O F such that
where 
has an odd coefficient and an even coefficient, hence
is odd and 2 L 2 ∤ A 1 + B. In the same way 2 To prove 3, we must observe that 2 A 1 , 2 B ∈ A 1 + B F + A 1 − B F and
This shows that
In the first two cases of Theorem 2, since N F/Q (B) ≡ 2 (mod 4), then r > 0. Furthermore, a 1 and a 3 have the same parity, hence N F/Q (A 1 ) is even, so L 2 F || A 1 F + B F and r = 1. If assertion 3 of Theorem 2 holds, N K/Q (α) = N F/Q B 2 is odd, therefore r = 2. Now, we are going to prove assertion 4. Since p F is inert, then
On the other hand,
K , we know that t must be even, therefore k is even.
To prove 5, let us suppose that p F splits, then p F K = q 1 q 2 , with q 1 , q 2 prime ideals of O K . Let us assume that q 2t 1 || α K and q
Without lost of generality, suppose that r > t. Then r = t + s for some s ∈ N and
Using this in the equality α 2 − 2 A 1 α + B 2 = 0, we have that q 
From 4 and 5, the only prime ideals that can appear an odd number of times in the factorization of A 1 F + B F are ramified ideals. In this case, this ideals are √ p F and L 2 F . Using the equality from assertion 3, we may say the same about the ideal
. This proves assertion 6. Finaly, from 6,
If we use equation (2) as an ideal equality, then
which implies:
where all the ideals in the previous equality are integral ideals. Using (3), the ideals from the left side are relatively prime, so one of them must be a square and the other one is a square times √ p F . Let us suppose that:
In this way, if k is even, then 2 A 1 ± 2 B F = J 
2 . Now we proceed as in the previous cases. Therefore, there is µ ∈ U K such that √ α µ ∈ O K and it generates I K .
The previous result requires that α ∈ O F . If this is not the case, we can multiply α by µ 16) is needed since the description of U K given in [3] depends on this property of p.
Finally, we will prove the main result.
Proof of Theorem 1. Let L = K( √ α) for some α ∈ K such that L = K. The previous corollary shows that if α is not a unit, then L/K is a ramified extension. If α is a unit, all the extensions L/K are ramified except K( √ U F ). Hence the 2-rank of Cl K is 1. Now we will prove that the order of the 2-class group is 2. Let p 2 be the only ideal of O K with N K/Q (p 2 ) = 2 found in Proposition 3. Using Proposition 4 we know that p 2 is non-principal but p 2 2 = L 2 K , so p 2 is the only class of order 2 of Cl 2 . Let us suppose that there is an ideal
. As a consequence of this, there must be an element in O K with norm ±2, which is not possible by Propositions 3 and 4. Then, there is no I K such that I K 2 = p 2 and therefore Cl 2 ∼ = Z/2Z. 
The ideal 2 + √ 7 K is principal since it has norm N K/Q 2 + √ 7 K = 9 ≡ 1 (mod 8).
The other two ideals are non-principal and
If a is an odd rational integer, then N K/Q ( a K ) = a 4 ≡ 1 (mod 8), this is in accordance with Theorem 13.
